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1. INTRODUCTION 
Let L be a finite dimensional Lie algebra over a commutative field 
K, U(L) be its universal envelope. It is well known (see N. Jacobson 
[ 1, V.31) that U(L) is Noetherian domain and hence has an Ore field of 
fractions. When L is an arbitrary Lie algebra, U(L) is not an Ore ring 
anymore but P. M. Cohn constructed in [Z] an embedding of U(L) into a 
field. (The term ‘Yield” is used throughout this article in the sense of “skew 
field”; the term “ring” means “associative ring with unity.“) We denote this 
field by D; it was proven in Lichtman [3] that its multiplicative group D* 
has the form 
where K* is the multiplicative group of K, and the group D, is residually 
torsion free nilpotent if char K= 0 and is a residually “nilpotent p-group of 
bounded exponent” if char K = p > 0. We continue in this article the study 
of D; our main result is the following theorem. 
THEOREM 1. Let R be a subfield of D, Z be the center of R, R 2 E 2 Z 
be an intermediate commutative subfield, finite dimensional over Z. Then 
(i) Zf char K=O then E= Z. 
(ii) If char K=p then the dimension (E : Z) is a power of p. 
The theorem has the following corollaries. 
COROLLARY 1. Let R be a subfield of D, finite dimensional over its 
center Z. Then 
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(i) If char K = 0 then R is commutative. 
(ii) If char K =p then the dimension (R : Z) is a power of p. 
Proof: Let (R : Z) = m2. Then the dimension of a maximal subfield E is 
m and the assertion follows now from Theorem 1. 
COROLLARY 2. Let S be a PI-subring of D. Then S is commutative if 
char K = 0; if char K = p > 0 then the PI-degree of S is a power of p. 
Proof: Let Z be the center of S. Clearly, the ring of fractions SZ- ’ has 
the same PI-degree as S and it must be a field by Posner’s theorem (see 
[4]). By Kaplansky’s Theorem ([S, 1.5.161) SZ-’ must be finite dimen- 
sional over its center and Theorem 1 now yields that it is commutative if 
char K = 0; when char K =p > 0 then the PI-degree of the field SZ - ’ (and 
hence of S) coincides with the index of SZ-’ (see [S, 1.5.22]), which is a 
power of p and the proof is completed. 
We obtain from Corollary 2 the following result about the PI-subrings of 
the universal enveloping algebras. 
COROLLARY 3. Let S be a PI-subring of U(L). Then S is commutative if 
char K = 0 and the PI-degree of S is a power of p if char K = p > 0. 
This result should be compared with Bahturin’s theorem, which 
describes the Lie algebras, whose universal envelopes satisfy an identity 
(see Bahturin [6, 6.7.1-6.7.31 or [7]): When char K=O the algebra must 
be abelian. When char K= p > 0 U(L) is a PI-algebra iff two following 
conditions hold. 
(i) L contains an abelian ideal H such that dim(L/H) < 00. 
(ii) For every x E L the inner derivation adx is algebraic of bounded 
degree which depends only on L. 
It is worth remarking too that if L is an arbitrary finite dimensional Lie 
algebra over K and char K =p > 0 then U(L) is a free module of finite rank 
over its center (see Jacobson [ 1, V. 1.31); hence U(L) and D are PI-rings 
and we see from this that the commutativity of an arbitrary PI-subring of 
D can be established only for the characteristic zero case. 
COROLLARY 4. Let char K = 0 and S be a subring of D, Z(S) be the 
center of S. Let s be an element of S algebraic over Z(S). Then s E Z(S); i.e., 
Z(S) is algebraically closed in S. 
Proof: Let R be the subfield, generated by S. Theorem 1 implies that 
s E Z, where Z is the center of R. Hence, s E Z n S = Z(S). 
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COROLLARY 5. The conclusion of Corollary 4 is true for the subrings of 
U(L) provided that char K = 0. In particular, the center of U(L) is 
algebraically closed in U( L ). 
In the case when L is soluble-by-finite dimensional U(L) is an Ore 
domain (see Lichtman [8, Proposition 4.11 or [9]) and hence the field of 
fractions of U(L) is the only field, generated by U(L). 
We obtain thus the following result. 
COROLLARY 6. Let L be a soluble-by-finite dimensional Lie algebra, D 
be the field of fractions of U(L). Then Theorem 1 and its corollaries are true 
for the field D. 
COROLLARY 7. Theorem 1 and its corollaries are true for the fields of 
fractions of Weyl algebras. 
Proof Follows from the well known fact that the field of fractions of a 
Weyl algebra is isomorphic to the field of fractions of an appropriate 
enveloping algebra. 
Our methods make first of all an essential use of Cohn’s construction in 
[2] and of the valuation function v(x) in D. We use the properties of this 
valuation function which were obtained in [3] to construct a new 
valuation function Y(x) (see Section 3). We consider then the valuation 
ring U of Y(x) and study the completion of U and some of its subrings in 
the topology defined by the powers of the radical J(U); this topology is 
weaker than the topology, defined by the valuation function Y(x) in the 
usual way. 
Finally, the results for enveloping algebras, which are obtained in 
Corollaries 3 and 5 can be proven without the study of the field D. The 
proofs are based on the same ideas but technically are more complicated. 
2 
In this section we give an account of some known facts about the univer- 
sal enveloping algebras. Let L be a Lie algebra over a field K with basis ej 
(in I). To simpltfy the notations we will assume throughout the arguments 
that the set Z is countable. The proofs in the general case are obtained by 
obvious changes. We assume that a basis of L is ordered in such a way that 
e, <e,< -... By the Poincare-Birkhoff-Witt theorem a basis of U(L) is 
given by all the standard monomials on the ordered set {e,, ez, . ..}. 
Now let S be an arbitrary domain, P be a well ordered abelian group. 
A function v(x) defines a valuation on R if 
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(i) The values of u(x) are elements of P or co and u(x) = a iff x = 0. 
(ii) v(x~~) = u(x) + u(y). 
(iii) u(x + y) 2 min (u(x), o(y)). 
In the case of a universal enveloping algebra U(L) a valuation function 
u(x) with values in the group of integers can be defined from the filtration 
U-‘~0; lJi=K+L+L2+ . . . +L’ (i = 0, 1, . ..). (2.1) 
The associated graded algebra of this filtration is a polynomial algebra 
(Jacobson [ 11) and the valuation function is defined by 
u(0) = ccl, u(x)= -i for x E U’\U’- i. (2.2) 
We will need the following result of Cohn which was quoted in the 
Introduction: The ring U(L) can be embedded in a field D, the ualuation 
function u(x) is extended to D and D is complete in the topology defined 
by u(x). 
We also make an essential use of two following facts, proven in 
Lichtman [3]. 
I. The valuation function u(x) on D satisfies the condition 
u(xy -J’X) > u(x) + u(y). (2.3) 
(See Lichtman [3, Lemma 21). 
Let T be the ring of u-integers in D: 
T= {dE D 1 u(d)>O). 
It is well known that T is a local ring with the radical 
J(T)= {dETI u(d)>Oj. 
II. The quotient ring T/J(T) is a commutatiuefield, purely transcendental 
ouer K, its transcendency basis over K is given by the images u2, u3, . . . of the 
following elements from T: 
e,e; * , e,e;I , . . . . (2.4) 
(See Lichtman [3, Proposition 31.) 
Now let Gr(T) be the graded ring of T, associated to the filtration 
TzJ(T)zJ(T)‘z .m.. (2.5) 
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We recall that the additive group of Gr(T) is the direct sum 
T/.z( T) + J( T)/(J( T))2 + . . . (2.6) 
and the product of homogeneous elements X = x + (J(T))“+ I (X E (J(T))“), 
Y=Y+tJtm”+’ (YE(J(T)Y) is the element Xj = xy + (.I( T))” +” + ‘. 
Denote the field K(uz, u3, . . . ) by W and let 4 be the isomorphism between 
W and T/J(T), which exists via II). Let W[t] be the polynomial ring over 
W. 
PROPOSITION 1. There exists an isomorphism between the graded rings 
Gr( T) and W[ t], extending the map 
e;‘+(J(T))2+t, T/J(T)A W. (2.7) 
Proof The relation (2.3) implies easily that Gr(T) is commutative. 
Furthermore, we pick the element e;’ E J(T)\(J( T))2 and obtain that 
e;” E (J(T))“\(J( T))n+’ (n = 1,2, . ..) and if x # 0 is a given element from 
tJtW\tJtW’+’ then x=y+(J(T))“+‘, where y is an arbitrary element 
from the set (J(T))“\(J(T))““. Hence, u(y)=n and y=yOeln, where 
u(y,) = 0 and hence y, E T\J( T). We denote now 1= y, + J(T) and obtain 
that 
x=y+(J(T))“+‘= (yo+J(T)) te;“+MT))“+‘) 
= A(e;’ + (J(T))‘)“. 
It is easy to see that the element I in this representation is uniquely defined. 
We see thus that the commutative graded ring Gr(T) is generated as a 
polynomial ring by subfield T/J(T) N W and the element e;’ + (.J( T))’ and 
the assertion follows easily. 
It is well known that the valuation function u(x) defines a filtration on D 
by 
D,= {deD 1 o(d)>n}, (n=O, f 1, f2, . ..). 
Denote the graded ring, associated to this filtration by Gr(D). Clearly 
Do = T, D, = J( T), and D, = (J(T))” (n = 1, 2, . ..). An argument similar 
to the one which we used in Proposition 1 can be applied to prove the 
following assertion; we do not give the details of the proof because it will 
not be used in the sequel. 
PROPOSITION 1’. The map (2.7) is extended to an isomorphism between 
the graded ring Gr(D) and the group ring W[F], where F is the infinite 
cyclic group generated by the element t. 
A routine argument establishes now the following assertion. 
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LEMMA 1. Let x be a given element of D. Then x can be represented as a 
power series 
x 
x= C a,,e;“, 
n=k 
(2.8) 
where k = v(x), and all the nonzero coefficients a,, are taken from a given 
system of coset representatives of T/J(T). 
3 
We define now a new valuation function Y(x) on D. Once again con- 
sider the elements (2.4) and their images u2, u3, . . . in T/J(T). Let p(a) be an 
arbitrary valuation of the field of rational functions W= K(u,, z+, . ..) with 
values from an ordered abelian group P and let x E D be given. If x = 0 we 
define Y(0) = co. If x#O and v(x) = k then we consider the represen- 
tation (2.8) and the image ak of the element akE T under the 
homomorphism T + T/J(T) z W and define 
Y(x) = (k p(ak)). (3.1) 
We observe first of all that Y(x) is well defined. Indeed, the value 
k = v(x) does not depend on the representation (2.8). If now 
x= f a;e;” 
n=k 
(3.1’) 
is the second representation for x then a;= ak (mod(J(T)) and thus this 
second representation gives the same value of Y(x). We see thus that Y(x) 
is well defined. 
Furthermore, the values of Y(x) are in the abelian group C+ P where C 
is the infinite cycle group. We order the group C + P lexicographically. 
LEMMA 2. The function (3.1) &fines a valuation on D. 
Proof Indeed, let x be an element with the representation (2.8) and 
y # 0 be a second element of D with v(y) = 1. Apply Lemma 1 and obtain 
for y a representation 
y= f B,er”. 
n=l 
(3.2) 
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Assume first that k # 1. Then (3.1) implies easily that 
Y(x +y) = min( Y(x), Y(y)). 
If now k = I then 
x+y= f (a,+~,)e;“. 
n=k 
If ak+flk=O then u(x+y)>k and hence Y(x+y)>min{Y(x), Y(y)}; if 
ak+fik#O then t(x+y) =k = o(x) = u(y) but the image of tlk+flk in 
T/J(T) is ak + bk and p(a, + bk) 2 min{p(ak), p(b,)} and hence in this case 
also Y(x+y)>min{(Y(x), Y(y)}. Th e relation Y(xy) = Y(x) Y(y) is 
verified in a similar way, with the use of (2.3), and the assertion follows. 
Now let U= {XED 1 Y(x)>O}, V= (SE WI p(s)>O}. Let J(U) and 
J(V) denote the radicals of the local rings U and V correspondingly. Thus, 
J(U)= {XED 1 Y(x)>O}, J(V)= {SE WI p(s)>O}. 
The definition of the function Y(x) shows that the elements of U are 
v-integers, i.e., U G T. 
LEMMA 3. The subring U is the inverse image of V under the natural 
homomorphism T + T/J(T) z W. 
Proof: Let x be an element from the inverse image of V. We can assume 
that x $ J( T) and hence its representation (2.8) has a form 
with a0 # 0. The image of x in T/J(T) coincides therefore with the image a,, 
of the element a,,. But a,,E V iff p(a,) 20 which is equivalent to the 
condition Y(x) 2 0, i.e., x E U and the proof is complete. 
COROLLARY. The inverse image of J(V) under the homomorphism 
T + T/J(T) is J(U) and U/J( U) 21 V/J( V). 
Proof Lemma 3 implies that the homomorphism T+ T/J(T) induces 
an epimorphism U + 4 V. Since U is local ker Q E J( U) and the assertion 
follows easily. 
Lemma 3 and its corollary show thus that we have two sequences of 
rings 
TzUzJ(U)zJ(T) 
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and 
and the homomorphism T -+ T/J(T) = W maps U on V and J(U) on J( V). 
LEMMA 4. Assume that the group P of values of the valuation function 
p(y) on W= K(u,, u3, . ..) is well ordered. Then 
nf), (J(V)” = 0. (3.3) 
Proof. The definition of Y(x) shows that in our case the group of 
values of Y(x) is also well ordered. Let u be an element of J(U) such that 
Y(U(u)=min{Y(u) 1 UEJ(U)}. 
If now 0 # XE n;=, (J(U))” then we conclude easily that for every 
natural n 
Y(x) 2 n Y(u), 
which is impossible because Y(u) > 0. 
4 
Let Y(x) be the valuation function of D, defined by (3.1) and U, V 
be the same as in 3. Let ri and (JG)’ be the completions of U and 
(J(U))” (n = 1,2, . ..) correspondingly in the topology defined by the powers 
of the ideal J(U). Thus, 0 is a complete ring in the topology defined by the 
powers of the ideal J@). The relation (3.3) implies that 0 contains a sub- 
ring, homeomorphic to U. Furthermore, the following properties of 0 can 
be verified easily and we omit the proof. 
LEMMA 5. fi is a complete local ring with radical J( 0) = Ji’v,; 
(n = 1, 2, . ..) 
(J$” = (J@))n 
and 
.g, tJi‘u,Y’ = 0. (4.1) 
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Corollary of Lemma 3 (or Definition of Y) now implies that 
(J(V)” 2 (J(T))“, (n = 1, 2, . ..). (4.2) 
For n = 1, 2, . . . let (JG’ be the completion of (J( 2))” in 0. Then it is easy 
to verify that 
cJsn = (Jib”, (n = 1, 2, . ..) 
and we obtain a filtration 
0 = (J@,,O 2 Ji’r, 1 (Ji’r,,Z 2 . . . . (4.3) 
where all the terms are ideals in 0 and (4.1) and (4.2) imply that 
Furthermore, every ideal (Ji\T))” ( n = 0, 1, . ..) is a complete subset of 0 and 
hence is a closed subset. 
We denote by I$’ the completion of the field W= K(_uz, u3, . ..) in the 
topology defined by the valuation function p(a) and by V the completion 
of the subring VS W. 
PROPOSITION 2. The graded ring of the filtration (4.3) is isomorphic to 
the graded subring P+ t I@[ t] of the polynomial ring &t]. Thus 
Gr(@ N P+ tkf’[t] = {p[t] E fi[t] I p[t] 
=a,+a,t+ ... +a,t”(a,E V,aa,,a, ,..., a,E IQ}. 
Remark. We assume of course that the polynomial ring ci’[t] is graded 
by the powers of t. 
Proof: Every term of the filtration (4.3) is closed in 0 and hence 
(Ji\T))“+’ is closed in (J%))” (n = 0, 1, . ..). This implies that for every 
given n the natural homomorphism (JrT))” + ( J&)n /( J@))n+ ’ is con- 
tinuous. But every ideal (J%))” contains a dense subring (J( T))n and it is 
easy to see that (J(T))” n(J$))“+’ =(J(T))“+‘. A routine argument 
implies that every abelian group ( J@))n /( JG))” + ’ contains a dense 
481,f121.1-IO 
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abelian subgroup (.I( r))n /(.I( T))“+ ’ and hence the ring gr( I!?), contains a 
dense subring, isomorphic to the ring gr(U), associated to the filtration 
u = J( T)O 2 J( T) 1 J( T)Z 2 . . (4.4) 
of the ring U. 
But we have also 
T2u2J(T)22J(T)2 ... (4.5) 
and comparing this filtration with (4.4) and (2.5) we see that there exists a 
natural embedding of the graded ring gr(U), associated to (4.4) into the 
graded ring Gr( T), associated to (2.5), and Proposition 1 implies that 
gr( U) is the subring of W[t] which consists from those polynomials whose 
constant term belongs to the subring U/J(T) 2 V. Since gr(U) is dense in 
gr( U) the assertion follows. 
We obtain now via the well known properties of rings with filtrations 
(see Jacobson Cl, V.33). 
COROLLARY 1. L? contains no zero divisors. Moreover, the filtration (4.3) 
defines a valuation function w(x) on U by 
w(x)=n if xE(J(T))“\(J(?‘))“+‘;w(O)=oO. 
COROLLARY 2. U/(J( T) z v and J( 0) is the inverse image of J( P) under 
the natural homomorphism U + U/J(T). Hence, UJJ( 0) z p/J( P). 
Proof The first statement follows from Proposition 2. The second one 
follows from the fact that i! and P are local rings. 
LEMMA 6. Let L be a Lie algebra over an infinite field K and let 
A,, 12, ***, L &+,r ..‘, A, be given nonzero elements of D such that 
v(Ai)>O (ilk); v(A,)=O(i=k+ 1, k+2, . . . . m). (4.6) 
Then there exists a valuation function Y(x) on D with values in a free abelian 
group P of rank 2 such that 
Y(&)>O (ilk); Y(A,)=O (i=k+ 1, k+2, . . ..m) (4.7) 
and the images of Ai (i = k + 1, k + 2, . . . . m) in U/J(U) and in o/J( 0) are 
(nonzero) elements of K. 
Proof Represent every element Ai in the form (2.8) and let pi be its first 
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coefficient in this representation. For every given i = 1, 2, . . . . m let bi be the 
image of the element Bi under the natural homomorphism 
T+ T/J(T) N K(u,, u3, . ..). 
Thus the element bi(i = 1,2, . . . . m) are rational functions in the variables 
u2, u3, ... and (2.8) together with (4.6) implies that 
hi #O (i= k + 1, k + 2, . . . . m). 
Let h,f2, . . . . pr be all the polynomials which occur in the numerators 
and the denominators of all the non-zero rational functions in the set bi 
(i = k + 1, k + 2, . . . . m) in their representations as fractions of two poly- 
nomials from K[u,, uj, . ..I. S ince the field K is infinite we can find a 
number c E K such that the polynomials pj (j= 1,2, . . . . r) take non-zero 
values cj when all the variables u, (r = 2,3, . ..) are equal to c. Let p be the 
p-adic valuation of K(u,, uj, . ..) defined by the ideal B = 
(u,-c 1 r=2, 3, . ..) of K[u,, u3, . ..I. We see that 
and hence 
Pbj) = O (j= 1, 2, . . . . r), 
P(bi) =O (i=k+ 1, k+2, . . . . m), 
i.e., every bi( i = k + 1, k + 2, . . . . m) is a unit in the valuation ring V of p. We 
see too that the images of the polynomials pj (j = 1,2! . . . . r) in V/J( V) and 
in v/J( p) coincide with the elements 0 # cj E K; hence, the images of the 
elements bi (i = k + 1, k + 2, . . . . m) also belong to K. Finally, having the 
valuation functions u(x) on D and p on W= K(u2, u3, . ..) we define Y(x) 
by (3.1). Clearly, the group of values of Y(x) is free abelian of rank 2. The 
relation (4.7) now follows from (4.6) and (3.1). To prove the last statement 
we apply Lemma 3 and its Corollary together with Corollary 2 of 
Proposition 2 and the proof is complete. 
5 
Let E, 2 E, be two subtields of D. The restrictions of the valuation 
function u(x) define valuation functions vi(x) on Ei (i= 1,2); the 
corresponding valuation rings are Ti = Tn Ei (i = 1, 2) and the field 
E, = T,/J( T2) is a subfield of the field i?, z T,fJ(T,); they are so called 
residue fields. The field E, is unramified over E2 if the subgroups o(E,) and 
u(E,) of the group of integers C coincide. 
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PROPOSITION 3. Let the field K be algebraically closed and R be 
arbitrary subring of D, Z be a central subfield of R, and R 2 E 2 Z be a 
commutative intermediate subfield, \$,hich is algebraic and unramified over Z 
and the residue field J!? is separable over 2. Then E is in the center of R. 
Proof. Step 1. Replacing, if necessary, R by the subfield generated by it, 
we can easily reduce the proof to the case when R is a field. One can sup- 
pose too that E is simple algebraic over Z. We assume thus throughout the 
proof that R is a field and E = Z(r). We will prove now that one can assume 
that the fields E and Z are complete with respect o the valuation function 
v(x). Indeed, otherwise we can take the completions &, Z,, ff,, of E, Z, R 
correspondingly and a straightforward verification shows that 6, = Z,(r), 
2, is in the center of the ring 1. It is well known too that EL, is unramified 
over Z, provided that E is unramified over Z, and that the residue fields of 
8, and 2, coincide with the residue fields of E and Z correspondingly; 
hence the residue field of 6,, is separable over the residue field of gL,. Thus, 
the conditions of the lemma are satisfied for the subfields 8,~ Z,, of the 
ring fi, and if we prove that the lemma is true in this case, i.e., 6, is central 
in &, then E is central in R. We showed thus that one can assume that E 
and Z are complete fields and E = Z(r). 
Step 2. We observe that one can assume that v(r) = 0. Indeed, if v(r) = k 
then we can find z E Z such that v(z) = k (E is unramified over Z) and 
replace r by rz -“. Since v(r) = 0 and Z is complete (Step 1) we obtain (see 
Borevich and Shafarevich [lo]) that the minimal polynomial of r over Z 
has a form 
with 
f(X)=X"+A.,x"-'+ ... +A, (5.1) 
V(li) 2 O (i= 1,2, . . . . m- 1); v(l,)=O. (5.2) 
The field Z(r) is an algebraic extension of the complete field Z; hence it is 
also complete. Since E = Z(r) is unramified over Z we conclude easily that 
the dimension of the residue field Z(r) of Z(r) over Z is the same as 
(Z(r) : Z) (Borevich and Shafarevich [ 10, Theorem IV.1.51); hence, the 
minimal polynomial of Y over Z is obtained by the reduction of f(X) 
modulo the ideal (J(T)) (more precisely, modulo the ideal (Z n J( T)) and 
has thus the form 
f(x)=X"+X,x"-'+ ... +A, (XiEZ;i= 1,2, . . . . lm=O). (5.3) 
Furthermore, if IE Z is the discriminant of f(X) then we obtain 
immediately that X is the discriminant off(X); but f(x) is separable, hence 
I# b and we obtain that 1 is invertible in the ring T n Z. 
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Now construct a valuation function Y(x) on D which satisfies all the 
conclusions of Lemma 6 and in particular 
y(Ai) 2 0 (i = 1, 2, . . . . m - 1); Y( 1,) = 0; 
Y(n) = 0; Y(r) = 0. (5.4) 
LetU={xED( Y(x)2O},U,=ZnU,UbethecompletionofUinthe 
topology, defined by the powers of the ideal J(U), Ur be the completion of 
U, in this .I( U)-topology. Since the rings U and U1 are local we conclude 
easily that U and 0, are complete local rings. Lemma 6 implies that the 
group of values of Y(x) is free abelian of rank 2; we obtain therefore from 
Lemma 4 that this .I( U)-topology is Hausdorff and hence U E 0, 6, E oII. 
It is easy to see too that 
The relation (5.4) shows that the coefficients of the polynomial f(x) and 
its discriminant I belong in fact to II, and the last statement of Lemma 6 
implies that we can assume that the images of these coefficients in the 
quotient ring 
O,/(O,nJ(O))- O,/J(O,) 
belong in fact to K and the image of the discriminant 1 is a nonzero 
element of K. Thus, the image of the polynomial f(x) E U,[x] E ir,[x] 
modulo the ideal J( 0,) is a separable polynomial with coefficients in K. 
Since K is algebraically closed we obtain that f(x) has m different roots 
modulo the ideal .I( 6,). 
Step 3. Now consider on UI the J( U,)-topology, defined by the powers 
of the ideal J( U, ). Since 
(J(U,))“~ (J(U))“n U, (n = 1, 2, . ..) (5.6) 
this topology is also Hausdorff. Let 0, be the completion of U, in it. 
Clearly, U1 E u,. Since the base of the neighborhood system of zero in the 
J( U)-topology on U1 is given by the chain of the ideals 
(JWY n U, (n = 1, 2, . ..) 
we conclude from (5.6) by the well known properties of topological rings 
that there exists a (continuous) epimorphism of the local rings 
0,--d,. (5.7) 
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Furthermore since the rings in (5.7) are local it yields the exact sequence 
0, + 0, -+ ii,/J(Ij,) z z’L/J(&). (5.8) 
We have obtained in Step 2 that f(x) has m different roots in the quotient 
ring o,/J( ii,); but (5.8) implies that the same is true in the quotient ring 
&/J(6). 
Since 0, is a local ring, which is complete in the m-adic topology, 
defined by the powers of the ideal J(o,), we can apply for this case the 
Hensel Lemma (see Zarisski and Samuel [ 11, Theorem VIII 7.171) and 
obtain that f(x) has in 8, m roots, which are different modulo J(8,); the 
exact sequence (5.8) implies immediately that the same is true in 0,. Thus, 
f(x)=(X-i,)(X-i,).‘.(X-i,) (2, E 0,; i= 1, 2, . . . . m). (5.9) 
Step 4. Finally, let U0 = U n E and ii, be the completion of U,, in the 
topology induced from U. Then 
02 o($o,. (5.10) 
The first inclusion in (5.10) implies that oc, is a domain; it is commutative 
because U, is. The second inclusion implies that f(X) has m different roots 
in oO. On the other hand, f(X) has a root TEE and (5.4) implies that in 
fact 
t-E En U= UO~ oI,. (5.11) 
Since fiO is a commutative domain r must coincide with one of the roots ii 
(i= 1, 2, . . . . m), i.e., r E or. But U, is in the center of Un R; hence 0, com- 
mutes with all the elements of Un R and therefore (5.11) implies that r is 
in the center of Un R. But if now s is an element from R which does not 
belong to Un R then Y(s) < 0 and hence Y(u(s- ’ ) > 0; since R is a field 
SC’E Un R and r commutes with s-r and hence with s. Thus, r is central 
and the assertion is proved. 
COROLLARY. Let R be a subring of D. Assume that the center of R is a 
complete field Z and let R 3 E 2 Z be an intermediate Jinite dimensional 
subfield of R, which is unramified over Z. Then char D = p > 0 and the 
dimension of (E : Z) is a power of p. 
Proof Proposition 3 implies that an element r E E belongs to Z if its 
residue field Z(r) is separable over 2. We conclude therefore that E is 
purely non-separable over Z and hence (E : 2) is a power of p. Since E is 
unramified (E : Z) = (E : 2) and the assertion follows. 
We need now the following fact. 
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LEMMA 1. Let A be an arbitrary field, S be its subfield with center Z, 
F 2 Z be a subfield of A which centralize S. Then the subring generated by S 
and F is isomorphic to the tensor product SQ, F. 
Proof. Clearly, the subring generated by S and F is a homomorphic 
image of the tensor product S@= F. Since S is a central simple algebra 
over Z and F is a simple algebra we obtain from Theorem V.6.1 in Jacob- 
son [ 123 that SO= F is a simple algebra and the assertion follows. 
LEMMA 8. (i) Let L, = L + Ke, where Ke is a one dimensional Lie 
algebra. Then the valuation function v,(x), defined by7 the canonicalfiltration 
on U( L,), induces the valuation function v(x) on U(L), defined by (2.1). 
Furthermore, the field D,, obtained by the Cohn’s construction for U(L,), 
contains the field D, obtained for U(L), and D, is generated as a topological 
field by) D and the element e. 
(ii) Let K,, be an extension of K, LO = K,@ L. Then the field D,, 
obtained for U( L,), is isomorphic to KOOK D. 
Proof The verification of the first statement of the assertion is 
straightforward. The proof of the second and third statements is based on 
analysis of the argument in Theorem 4.1 in Cohn’s article [2] and we 
omit it. 
6 
Proof of Theorem 1. We see first of all from Lemma 8 that the field K 
can be assumed algebraically closed and that we can assume that L has a 
non-trivial center. If now F is the composite of Z and the center of D and 
pU is the completion of F, then Lemma 7 implies that the subring R,, 
generated by R and F”‘,, is isomorphic to R Bz P, and its center is pU. Now 
let E, = E@,pO. The intermediate subring R, zE, ?E must be finite 
dimensional over F”; since it is a domain we obtain that E, is a subfield; it 
is unramilied over fiD because F contains an element e from the center of L 
and v(e-i) = 1. If E # Z, then El # FU and Corollary of Proposition 3 
implies that char D =p and (E, : F,) is a power of p. But (E, : flu) = (E : Z) 
and the assertion follows. 
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